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(2) Answer all questions.

(3) Each question carries 14 marks.

(4) Figures to the right indicate marks of the question.

(5) Follow usual notations.

1 (a) Let X and Y be Banach spaces and T:D(T)—Y 6
a closed linear operator, where D(T)C X. Then prove

that if D(T) is closed in X, the operator 7 is bounded.
(b) If the dual space X' of a normed space X is 4
separable, then X itself is separable.

(¢) Show that p(x):nli_>ngo‘§n, where x=<‘§n)€loo and 4

§, real, defines a sublinear functional on ;.

OR
1 (@ Let X and Y be normal spaces and 7:X —Y be 6
a bounded linear operator. Then prove that adjoint
operator 7 is linear, bounded and HTXH:”T”

(b) Show that in finite dimensional normed spaces the 4
distinction between weak convergence and strong
convergence disappears.
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Let X and Yy be normed spaces, T € B(X,Y) and

(xn> a sequence in X . Show that

x —%Y x =Tx —% Tx .
n 0 n 0

Let X be a complex Banach space, T € B(X, X)

n .
and POV = Z i >\n_L’0‘n =0 Then show that
1=0

o(P(T)) = P(o(T)).
If X is a complex Banach space, S,T ¢ B(X, X)
and S7 =78, then prove that

(ST <1, (S (T)
Can we drop ST =7S? Why ?
OR

Prove that all the matrices representing a given
linear operator 7:X — X on a finite dimensional
normed space X relative to various bases for X have
the same eigen values.

Prove that eigenvectors X,,X,,.....,X corresponding

n
to eigenvalues X\ ,Ay,....N ~of a linear operator 7T

on a vector space X constitute a linearly independent
set.

Let X =Cl[o,n] and define 7:D(T)— X byxwx",

where
D(T)={xeX|x"x"€ X, x(0) = x(w) =0} .
Show that o(7) is not compact.

Let X and Yy be normed spaces and 7: X Y

a compact linear operator. Suppose (xn> in X 1is

weakly convergent. Then prove that (Txn> 18

strongly convergent in y with limit y="Tx.

Show that the range of a compact linear operator
T:X —Y 1is separable, where X and Yy are normed
spaces.
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Prove that 7.72 _, ;2 defined by Tx=y= (le),

where n; :E.j 1] is compect.

OR

Show that a compact linear operator 7:X — Y form
a normed space X into a Banach space y has a

compact linear extension 7. X —, Y, where Y is the
completion of X .

Let 7:-X — X be a compact linear operator on a
normed space X . Then prove that for every )\ =0

the null space N(T,) of T, =X is finite

dimensional. Hence show that dim NV (Txn)<00.

Let [ be a Hilbert space, 7:H — H a bounded

linear operator and 7+, the Hilbert adjoint
operator of 7°. Show that 7" is compect if and

only if p is compact.

Let 7-H — H be a bounded self-adjoint linear
operator on a complex Hilbert space fJ. Show

that Xep(T)< there exists ¢>0 such that for
every X € H,||T>\x|| > c||x|| )
Let H={0} and 7:H — H be a bounded

self-adjoint linear operator on a complex Hilbert

space fJ. Show that m = ||}CT|1£1<Tx,x> is spectral

value of 7.
Let 7 be any bounded linear operator on a
complex Hilbert space. Show that the inverse of
]+ T*T exists.

OR

Let P, and F, be projections on a Hilbert space fJ.

Then show that if P =P + P, is a projections on
H <Y =P(H) and Y, =F,(H) are orthogonal.
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(b) Show that the residual spectrum o (T) of a bounded 4
self-adjoint linear operator 7 - F — H on a complex
Hilbert space [ is empty.

(¢) Show that if 7 >0, then (I+T)_1 exists. 4

5 (a) Let g be a complex Hilbert space and T:D(T)— H 8
be a self-adjoint linear operator with D(T) dense
in f. Show that the spectrum o(7T) 1is real.

(b) Let H be a complex Hilbert space and 6
T :D(T)— H linear and densely defined in f.
Then show that 7 is symmetric < (Tx,x) is real
for all xe D(T).
OR

5 (a) Prove that if a linear operator 7 is defined on all 6
of complex Hilbert space g and satisfies

(Tx,y)=(x,Ty) for all x,ycH, then T is
bounded.

b) Let S:D(T)— H and T :D(T)— H be linear 4
operators which are densely defined in a complex

Hilbert space f7. Then show that g7 — 7* ~ g*.

(©0 Show that if 7 is symmetric, then 7=« is 4
symmetric.
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